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The motion of two immiscible fluids with arbitrary viscosities flowing through a
capillary with an almost flat fluid-fluid interface is investigated in the limit of small
capillary and Reynolds numbers. A complete description of the dynamics of the fluids
is presented. It is shown that the motion of the fluid away from the moving contact
line can be completely determined in terms of one material parameter, and how the
capillary can be viewed as a device for measuring it. The dynamic behaviour of various
contact angles, measured by others, is calculated. It is shown that they all depend on
theradius of the capillary; hence, they do not represent properties of only the materials
of the system.

1. Introduction

West (1911) and Washburn (1921) were the first to successfully analyse the dis-
placement of one immiscible fluid by another through a circular capillary. West,
interested in developing a viscometer, studied the speed at which an entrapped index
of liquid moves through a capillary when a fixed pressure drop is maintained between
its ends. Washburn examined the unsteady rate at which a liquid penetrates a hori-
zontal or vertical capillary in the hopes that it would lead to a better understanding of
flow through porous media. Although both were interested in different problems, their
methods of analysis were the same. Their two main assumptions were: (i) the liquids
undergo Poiseuille flow; (ii) the pressure drop across the spherically shaped menisci is
given by the same formula used under static conditions. For the simple steady flow
illustrated in figure 1, these assumptions imply that the pressure drop between
z = — L ,in the advancing fluid and Z = L in the receding fluid is given by

sU 2
P(— L)~ P(Lg) = =5 (g L+ pp Lp) == cos b, (1.1)

where a is the radius of the capillary; u , and s are the viscosities of the advancing and
receding fluids, respectively; U is the speed of the meniscus relative to the capillary;
v is the surface tension of the fluid-fluid interface; and 8, is the dynamic value of the
contact angle.

Undoubtedly, there is a certain amount of error associated with the above approach;
for example, end effects and the influence of the viscous forces on the shape of the
meniscus have both been ignored. However, this approach has proven tobesurprisingly
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F1oUre 1. The receding fluid is being displaced by the advancing fluid. The frame of reference is
at rest with respect to the contact line; consequently, the capillary is moving from right to left.

good when Uap/u and Up /[y are small. By measuring the speed of entrapped mercury
indices of known length and subject to known pressure drops in capillaries of various
radii, West and Yarnold (1938) were able to determine the viscosity of mercury to
within 79,.} Another way of assessing the accuracy of this approach is to compare
the values of the contact angle which (1.1) predicts from experimentally measured
values of the pressure drop, U, 4, a, L and y, with that measured directly by
optical means. Rose & Heins (1962), upon observing an index of oil moving through
a glass capillary, found good agreement, although the scatter in their data is con-
siderable. Blake (1968) found that the two methods always agreed to within his
experimental error of + 2° for both benzene displacing water and water displacing
benzene through a glass capillary (his experiments were restricted to very small U,
108 < Upfy 5 1073),

Besides its direct application to technology, for which West’s approach of deter-
mining the volumetric flow rate seems to be sufficient, there remains an important
scientific reason for studying the displacement of immiscible fluids through a capillary.
Due to its compactness and symmetry, it is a convenient system for studying the
dynamic behaviour of the contact angle. Hansen & Toong (1971), based on an interest-
ing though ad hoc hydrodynamic analysis, were the first to point out that the contact
angle everyone measures in the capillary is probably not its actual value due to the
fact that viscous forces may severely deform the shape of the fluid—fluid interface so
close to the moving contact line that it cannot accurately be measured by low-magnifi-
cation optical techniques. Instead of attempting to measure the actual contact angle
with a protractor and an enlarged photograph of the meniscus (the technique used by
Rose & Heins, 1962), they report their experimental findings (Hansen & Toong
1971a) in terms of an apparent contact angle, 8,,, which is unambiguously defined in
terms of H, the distance between the apex of the meniscus and the plane containing the

moving contact line:
—2H/a
;= il [ ———— A I 1.2
84 = cos [1+(H/a)"’] (1.2)

If the interface were shaped like a portion of a sphere of radius a/cos 8, all the way up
to the contact line, then the angle formed between it and the capillary would be 8,,.
Using his own data and that of others for the displacement of air by various oils
through a glass capillary, Hoffman (1975) has demonstrated graphically that the

t Yarnold includes an extra term in his analysis to account for some of the end effects; how-
ever, it does not improve the accuracy.
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parameters 6,,, Uu/y, and the static contact angle, ,, can be related by a single curve.
Jiang, Oh & Slattery (1979) have found that the following function best fits this curve:

cos0,—cos 0y,

= tanh 4-96Ca?" 702,
1+ cos b,

Even though Hansen & Toong and Hoffman realized that 8,, was not the actual
contact angle, they did not recognize the fact that such an angle might not be a
material property of the system, i.e. it might depend explicitly on the overall geometry
of the fluid. If this is the case, then the usefulness of their experimental data is limited.
For example, it would not be possible to use ,, for studying the spreading of the same
liquid over the same solid in any geometry other than the capillary. Hence, in order to
extract material invariant information from these experiments, it is essential to
perform a detailed analysis of the motion of the fluid in the immediate vicinity of the
fluid-fluid interface and the moving contact line.

Unfortunately, this is not a straightforward task. Dussan V. & Davis (1974) have
shown that the flow field surrounding a moving contact line, modelled as a continuum
with the no-slip boundary condition imposed at a rigid solid wall and with an imper-
meable fluid—fluid interface, is singular; flow fields having those properties must exert
an unbounded force on the solid. Since this implication is unphysical, it is necessary to
change at least one of the basic modelling assumptions in order to analyse the motion
of the fluid. Several possibilities exist; however, those explored to date all involve
introducing a boundary condition which permits the fluid to slip along the wall.

Hocking (1977) and Huh & Mason (1977) have successfully analysed the flow field
associated with the displacement of immiscible fluids through a capillary by using
various slip boundary conditions to remove the abovementioned singularity. Both
have obtained a solution valid for an almost flat fluid-fluid interface near the singular
limit, L;/a — 0, by the method of matched asymptotic expansions. Roughly speaking,
L; denotes the size of the region near the contact line within which the fluid slips along
the wall; the no-slip boundary condition, corresponding to L,;/a = 0, represents the
singular limit. Hocking analysed the case of two immiscible fluids with arbitrary
viscosities in which the relative speed of the fluid at the wall is assumed to be propor-
tional to the shear stress exerted by the fluid on the wall. His main conclusion, based on
a seemingly reasonable guess for the size of the unknown slip coefficients appearing in
his analysis, was that the magnitude of the force exerted by the fluid near the moving
contact line is small when compared with the total drag on a capillary over 100 radii in
length. However, a detailed analysis was not necessary to come to this conclusion. We
already know from (1.1) that the mazimum effect that the dynamics of the fluid near
the moving contact line can have on the pressure drop down the capillary is 2y/a.
Hence, an estimate of its relative importance is given by the expression

(2y/a) (8U[p 4 L 4+pg Lgl/a®) ™,

the evaluation of which does not require guessing the value of any unknown para-
meters. Hocking neither analysed the first correction to the shape of the interface nor
did he present his solution for the velocity and pressure fields. Huh & Mason (1977)
carried Hocking’s analysis one step further by solving for the shape of the fluid inter-
face when viscosity of one of the fluids is negligible. They investigate two slip boundary
conditions: that used by Hocking, plus a second wherein the fluid exerts no tangential
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stress on the solid within a given small distance from the contact line, and does not
slip on the solid elsewhere. Their major difficulty arises from the fact that the expres-
sion they derive for the apparent contact angle contains two unknown parameters: the
slip coefficient and the dynamic value of the actual contact angle. Consequently, when
comparing their results with experiments they make two unjustified assumptions: the
coefficient is 10—® m; and the actual contact angle, under dynamic conditions, does not
differ from its value at static equilibrium.}

In §2itis pointed out, based upon results of existing analyses of flow fields containing
moving contact lines, that the motion of the fluid in the outer region, the region of
major concern to fluid-mechanicians, can be completely determined in terms of only
one experimentally measurable parameter. This parameter can be used for the same
fluids spreading on the same solid material in any geometry. In §3 the lowest-order
outer problems are formulated, with this in mind, for immiscible fluid displacement
through a capillary. Solutions are obtained in §§4 and 5 for the lowest-order velocity
and pressure field and shape of the fluid-fluid interface for the case of two immiscible
fluids with arbitrary viscosities using a technique particularly well suited for moving
contact line problems, which differs from that used by Hocking. In §6 expressions are
derived for the various dynamic contact angles which have appeared in capillary flow
studies. Finally, in §7, it is shown how the parameter introduced in §2 can be deter-
mined from existing data of the dynamic behaviour of the apparent contact angle
measured in capillaries.

2. Approach

One of the major contributions of Hocking and Huh & Mason is the demonstration
that flow fields containing moving contact lines can be analysed near the singular
limit, L;/L,— 0, by the method of matched asymptotic expansions. Two regions
emerge: the inner region, located in the immediate vicinity of the moving contact
line and scaled by L;, within which the details of the flow field are very sensitive to the
form of the slip boundary condition; and the outer region, everywhere else and scaled
by Ly, within which, to lowest order, the fluid satisfies the no-slip boundary condition
and the geometry of the fluid plays an important role. Although these analyses can
predict the behaviour of experimentally measurable quantities, for example the
pressure drop across the capillary and the dynamic behaviour of the apparent contact
angle, they have two principal drawbacks: (i) no model for the slip boundary condition
has been demonstrated to date to be correct for any given circumstance, (ii) the
dynamic behaviour of the actual contact angle is unknown. The key to proceeding
further in a quantitative fashion lies in identifying the mechanism by which the inner
and outer solutions affect each other.

Upon examining the analyses of Hocking (1977), Huh & Mason (1977), Dussan V.
(1976) and Greenspan (1978),1 we find two features in common. (i) The velocity fields
are ‘prematched’, i.e. to lowest order in L,/L, there are no non-zero constants to be
determined by matching the inner and outer velocity fields [when domain perturba-

1 Hocking’s results contain only one parameter, the slip coefficient, because he makes the ad
hoc assumption that the actual contact angle is exactly 90°.

1 Even though the analyses of Dussan V. and Greenspan do not involve a perturbation in
L,/ L4, the following remarks are true if their analyses are viewed from this perspective.
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Receding fluid

Advancing fluid

Y/ LY,

Fiaure 2. Two co-ordinate systems are used: (r, z) and (R/a, ¢). The angle formed between the
plane tangent to the interface at a distance E from the contact line and the plane tangent to the
wall is denoted by 8.

tion is used, the velocity field in the intermediate region is that given by Huh &
Scriven (1971)]. In this sense, one can say that the velocity field in the outer region is
not directly affected by what happens near the moving contact line. (ii) The slope of
the fluid—fluid interface in the outer region can be completely determined except for a
constant of integration. Knowledge of this constant is equivalent to knowing the
angle of inclination of the interface, 8, at a specific distance from the contact line, R;
refer to figure 2.

If the outer solution is valid in the neighbourhood of the contact line then the above-
mentioned constant can be determined from the dynamic behaviour of the actual
contact angle (6 is the actual contact angle when R = 0). However, it is not; hence the
constant must be determined by matching the inner and outer solutions for the slope
of the interface. It is only through the slope of the interface that the motion of the
fluids in the outer region is affected by the dynamics of the fluids in the inner region in
the abovementioned analyses.

In other words, if 6 at R is known then the entire solution in the outer region can be
calculated completely. If R is chosen to be a specific position within the intermediate
region, the region where both inner and outer solutions are valid, then 6 must have the
property that it is independent of the overall geometry of the outer region (6 and R will
denote the value of 8 and R at a specific position in the intermediate region). If the
proper model for the dynamic behaviour of the fluids in the inner region were known,
then the value of 8; could be calculated by first principles through matching. However,
such knowledge does not seem to be forthcoming in the foreseeable future. One of our
main objectives is pointing out that this does not present an obstacle to fluid-mech-
icians interested in predicting the spreading of liquids on solid surfaces. It will be
shown how to determine 6; empirically from experimental measurements of immiscible
fluid displacement through a capillary. The capillary can thus be viewed as a device
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from which basic information can be obtained that characterizes the spreading of
liquids on solid surfaces.

The key to the correctness of using this procedure to solve the outer problem in
terms of 0; lies in the assumption that all models of the inner region, not just the ones
cited at the beginning of this section, give rise to a velocity field in the inner region that
‘prematch’ that of the outer region. Although the models of the inner region from
which this assumption has been abstracted all involve introducing a slip boundary
condition, they do in fact reflect vastly different physical mechanisms (refer to Dussan
V. 1979, for a detailed discussion).

3. The outer region

The geometry and co-ordinate system are shown in figure 2. The frame of reference
is chosen so that the fluid-fluid interface is stationary, the walls of the capillary moving
with a velocity of — UZ. It is assumed that the dimensionless Navier-Stokes equations
are satisfied within both fluids:

ouk ouX X 2 (10 ?yK
OaReK [uK—L'{‘wK"E—] =—%+ﬁK0a[“( (TuK)‘*' “ ]:

or 2 ar \r or 027
owk owk opkK 10 owk\ o%w
K K - 1 fuly ey DVl
CaRiex [u ar Y ] I +'LLKO“[7 or (r or )+ 022 |’

where K = A, R denotes the advancing and receding fluids, respectively; « and w are
the radial and axial velocity components; and p + pga®/vy is the pressure within the
vertical capillary. Each fluid must also satisfy the continuity equation:

10
g Ky '~ =
r@r(ru )+ oz +=0.

The outer flow field satisfies the no-slip boundary condition along the moving wall,
so that
uE=0, wE=~1 at r=1, |z <o

and if the height of the fluid-fluid interface is given by a radial function, A(r), then the
normal component of the velocity must be zero:

dh

—uKa—;+wK=0 at z=h{r), r<1,
while the tangential component of the velocity is the same in both fluids:
dh
— | = = <1,
[[u+wdr]] 0 abt z=Mr), r

where the brackets are defined by
[9(r)] = lim {g4(r, h—€) — gE(r, h+€)},

€0

g(r,z), represents any scalar field which characterizes the behaviour of the advancing
and receding fluids such as pressure and either component of the velocity vector. The
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dynamic boundary condition requires first that the tangential stress exerted by either
fluid upon the meniscus be the same,

dh (ow ou dh\2\ [ou ow
N [ R

and second that the interface have a shape such that the product of its curvature and
surface tension balance the normal stress difference,

dzh a2\t 1dn dh\2\ %
(14 (7)) 45/ (7)) - e
_((dh\20u dh (0u ow\ Oow dh\?
v il(7) -5 G5 2] 0+ F) w =

The boundary conditions on %(r) are

dh m B,
h(1) =0 and E:tan(é-—ﬁl) at T_I—E’

where 6, and R; have already been defined in §2. We shall treat 0; as a known property
of the system. Other parameters appearing in the above equations are: the capillary
number, C, = Uy ,/y; the Bond number, B = (p ,— py)ga?/y, where p, and pj, are
fluid densities; the Reynolds numbers, Reyx = Uapyg/ftg; and the normalized visco-
sities, iy = ux/p 4. The dimensional form of the dependent and independent variables
are

pyfa; (wU,wU); (ra,za); R; ha.

We shall only be concerned with the case wherein the five parameters (6, — 4, C,,
B, Re,, Rey) are small. Under these circumstances it is anticipated that &(r) is every-
where close to the plane z = 0. It is reasonable to expect that the velocity and pressure
field, or the continuation of each field, has the property that a Taylor series expansion
at z = 0 can be used to express values of the dependent variables at z = A(r) (domain
perturbation). For example, the kinematic boundary condition at the fluid-fluid
interface becomes

w4+ —h+ h+

owk 82th2+ _dh K+E{ 2uK p?
o0z dz2 2 7 dr u o0z 022 2

+...]=O at z = h(r).

Thus all the boundary conditions at the meniscus are transformed to conditions at
z = 0. The fluid-fluid interface remains at z = h(r).

It is assumed that the dependent variables (uX, w¥, pX, h) can everywhere be
described by an asymptotic expansion valid in the limit that the five parameters
approach zero:

K K K K K K K
u U Ug uc, Up URes Uker
K K K K K K K
w u w w w w w
~ O =00 S +C{ S4By Biy Re,{ E4) 4 Rep{ ZE)4...
K K 2 K a\ K K 4\, K R\ K
P Po Po Pec, PB PRey Ter
h ho by ke, hp Pres Prer

This expansion is substituted into each governing equation and boundary condition to
create a sequence of well-posed boundary value problems.
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To lowest order, the pressure field and interface shape must satisfy

Vo = 0;

1d { dh,

;dr( dr) =p5-pf 8t 2=0;

%—0 at r=1~R;fa; and hy=0 at r=1

The solution to the above is
ho=0 and pg = pf (constant).
In a similar manner it can be shown that
{pd = pE = h, = 0| a = B, Re,, Reg}.
The terms p¥ and h, must satisfy

Vpf = 0;

1d ( dhy

?dr( dr) =pi—pd b 2=0;
dh

777”=1 at r=1—Rfa; and hy,=0 at r=1.
The solution is
hy=4(r2—1) and p# =pF—2 (constants).t

This mode, while free of viscous effects in the outer region, nevertheless represents a
dynamic contribution to the interfacial shape and pressure field since the value of 6y
depends on the speed of the contact line. The lowest-order mode in which viscous
effects are important is described by

_ opE, . [9(19 uE 32u0

opE,  [12( ouf 32w0K
_ _ora, 1 3.1
0 72 1K [r a\"o )T e | (3.1)

and
10, g, owf
ra) T =0
with boundary conditions
uE =0 and wf¥=1 at r=1,
7 7
wE =0, uf=uf, and J, :: =Jig Zo at z=0,

dhol _ . R _ a4 — 3w0 _ owE 3
Td’r( dr)—pcu—pcu Pa— —HKr— oz at 2_0:

and dhg /dr = Oatr = 1~ Ry/a, and kg, = 0 atr = 1. In the next section, a solution is
obtained for »& and wX which is then used to obtain p& and hg,

+ A negligible error has been introduced by neglecting terms mvolving R /a.
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4. The outer velocity field
4.1. Solution

It is convenient to introduce a stream function, ¥ ¥:

K)=(1@¢K 1%5)_

(ug’, wh ——
In terms of the stream function, the governing equation and boundary conditions for
the lowest-order mode in which viscous effects are important become

o100 o272
RALSRLAN RN S
[Tarr 6r+3z2] 4 0;

K
YK =0, 33607 =1 at r=1,

3_;0—4_@_301-2 _ 32;04__ @2;013

VE=O0 S =T Fadgr —Prgm 8t 2=0.

It is also convenient to solve this system by superposition:
| fif
K= WK +—=— _A—_I} E&'K
L L ey
with the non-homogeneous boundary condition at r = 1 absorbed in ¥¥:

K
YyE =0, %:1 at r=1
2./ K
o, B o at -0
L 022

The solution for ¥ was obtained by Bhattacharjii & Savic (1965) using a sine trans-
formation:

2J‘oo { 7'11(7'3) IO(S) ——TZIO(T'S) 11(8) sin (zs) d,gi (4-1)

VE = (=050 ) 8Te) Lie) — oT8s) s 13(9)

Note that this flow exhibits no tangential stress at z = 0. The functions I, and I, are
modified Bessel functions as given in Abramowitz & Stegun (1964).
The function & has boundary conditions

K
YvE =0 and %:O at r=1;

ko L (FaFn \1o0u_ Jlove] 4 Pk _owh L,
I g \E tER) r 02 r Oz 022 022
A general solution for ;1 in either fluid can be found by separation of variables or in

T It will be established shortly that the superscript K is not necessary for ;.
i Where (—1)4-1 = —1and (—1)81 = 4+1.
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n Re s, Ims, Re C(s,) Im C(s,)
0 0-0 0-0 0-0 00
1 1-46746 4-466 30 —9:9816 —0-5600
2 1-72697 7-69410 —17-3266 —4-1056
3 1-89494 10-87457 —24-4043 — 79430
4 2-:02006 14-03889 —-31-37117 —-11-9077
5 2:11995 17-19556 - 38-2801 —15-944 2
6 2-20312 20-34795 —45-1530 —20-0260
7 2:274 40 23-49770 ~52-0046 —24-1381
8 2-33678 26:64571 —58-8325 —28-2742
9 2-39222 29-79247 —65-6508 —32-4293
10 2-44212 32-93831 —172-4559 —36-5938
11 2-48750 36-08350 —179-2564 —40-7747
12 2-52911 39-22815 —86-0456 —44-9601
13 2-56752 42-372 38 —92-8238 —49-1582
14 2-60319 45-516 30 —99-6144 ~53-3514
15 2-63648 48-65990 —106-3922 —57-56685
16 2-66769 51-80330 —113-1692 — 617704
17 2-69706 54:94652 —119-9416 —65-9903
18 2-724 81 58:08954 - 126-7092 —170-2071
19 2-75110 61-23247 —133-4834 — 1744356
20 2-77609 64-37526 - 140-2406 — 786654

TasiE 1. Eigenvalues and eigenfunction coefficients.

terms of a Green’s function. Work by Smith (1952) and, later, Yoo & Joseph (1977)
suggests a separation of variables of the form

62'/’11
022 .
= pa(r; s) islzl 4
2 (12 zs:O(s) <P2(733)}e *2)
5 (5 ¥m)

where the sets {s} and {p} are eigenvalues and eigenfunctions determined by the
boundary conditions at r = 1 and the requirement of a bounded velocity field at r = 0.
Each element of {s} must be a zero of the characteristic function g(s):

g(s) = 2Iy(s) I1(8) — sI§(s) + sI3(s)-

Those elements with non-negative real and imaginary parts are ordered with increasing
magnitude to form {s,}, where s, = 0; the complete set of eigenvalues which hag the
required property that e is bounded for large z consists of {s,} U{—s,}. It can be
shown for large » that s, ~ }In4m(n+ })+mi(m +3}). The values of {s,:n = 1, ..., 400}
were found by the secant method applied to the analytic function g(s) and the first
twenty-one are listed in table 1. Zeros near the origin were counted by numerically
integrating g’ /g about closed contours to confirm that no element of {s,,} was missed.

A sequence of functions, {a(r; s)}, biorthogonal to {p(r; s)} have been found with the
property that if s and s’ are any two eigenvalues then

fol a(r;s) [(1) B ;] p(r;s)dInr = :2(8)if s+,

if s=¢g.
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The constants C(s,) are then determined by

Yy
1 1 0 —1 022
C(s,) = ) fo a(r;8,) [1 2] ,.2 (1 3'#11) dlnr, (4.3)
or\r or o

where
0 = (0, 03) = (204(7;8) + polr; 8), Pa(7; 8)),
_ (pl) _ (711(7’3)/11(3)_7210(7'3)/10(3) )
B = \pa) = \ery(rs)fs1y(s) — rL(rs) [ 1u(s) + 2 L(rs) [1o(s))°

exhibiting the properties that p(r;s) = p(r; —s) and p(r; s) = p(r; 3). In addition, it
can be shown that k(s) = — I%(s)/s,I3(s) for s = s,. For the problem at hand, ¥r;; and

9 ( 1 av,bn)

r@r r or

are identically zero on z = 0, so that (3.2) can be integrated to give

Vi =2 E Re[helpy(ria) e, (4.4
m=1 n
where the C(s,) can be calculated for any specified 0%r;/92%|,_,. Since 9%)r;/92% = 0
on z = 0, the function 7(r) = (1/r)0%)y;/022|,_ , represents the entire tangential stress
on z = 0. This is the same in both fluids, which justifies the removal of the superscript
from yrqy.
All that remains is to calculate 7. Upon combining (4.2), (4.3) and (4.4) it is found
that 7 must satisfy:
R
A(r;1) = g——a"h

r o0z (4.5)

H
2=
where

o . isplzl 1
A(r;7)=1lim 2 Y Re {p______l(r,sn)e f (') pa(r'; 8,) dr'} .

le[=0 n=1 18, k(s,) 0

Equation (4.5) is solved approximately by assuming 7 has the form

— M
The first term on the right-hand side of the equation represents the anticipated
singular behaviour which 7 must have near the contact line in order for the velocity
field in the outer region to ‘ prematch’ that of the inner as discussed in §2.
The sets of coefficients {aX:m = 1, ..., M} for different values of M were obtained by
substituting the above expression for 7 into (4.5) and minimizing a numerical approxi-
mation to the #2 norm of the residue:

o, % s
2o =~ 10-025P oz

2
-—A(O-O25P;T)} =0 for m=1,...,M. (4.6)
2=0

r=0025P

The difference between the left- and right-hand sides of (4.5) corresponding to a dis-
continuity in the radial component of the velocity at z = 0, [#]|,—,, for M =1,2,3,4



550 F. Y. Kafka and E. B. Dussan V.
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Froure 3. The magnitude of the discontinuity in the tangent component of the velocity at the
interface, [%,]|._¢, decreases in value as the number of trial functions increases in number ; curves
A, > and @ correspond to two, three and four trial functions, respectively.

is illustrated in figure 3. As M increases in value, the error uniformly approaches zero.
This is also illustrated by the behaviour of 7 — 74 in figure 4, where

5452
. _I_%f_ 4-860r + 1-336r% + 1-06375 — 0-348¢7. 4.7)

The corresponding values of {C(s,)}, which are the same for both fluids, appear in
table 1. The radial velocity of the fluid at z = 0, ug!(r, 0), can readily be calculated from
its definition:

R m y o
wd(r,0) = uli(r,0) = S 2L| 4 _Fa 10

702 oy HatHErT 92 g
along with the identity
1oy 20y
T 0z e T 02 |,




Interpretation of dynamic contact angles in capillaries 551

PR VN NS WU U S A S GHI S R S N SN A S A
0 0-2 0-4 0-6 0-8 1-0

r
F1aURE 4. The solid line corresponds to the tangent component of the surface traction vector
evaluated at the fluid-fluid interface when four trial functions are used, 743 —-—, 71 —74; —==—,
T4 —eee—, 7374,

and an evaluation of 9yF/oz|,. , obtained from (4.1):

R
Loy == 1-0168r — 0-320673 — 0-05617°
r 02 |ymp

+ 0-022577 — 0-02597°,

The above expression is accurate to within an absolute error of 0-0003, or 0-05 %, of its
maximum value.

An integral representation of yr;; was also obtained by finding the Green’s function,
see appendix A. This form, though somewhat cumbersome, was useful in evaluating
properties of the solution at z = 0, where the sum of the eigenfunctions shows poor
convergence. In addition, a grid of ¢ and ¥y values is displayed in table 2; this may
be used to estimate velocities at any point within the two fluids.

4.2, Discussion

The streamlines within the receding fluid are shown in figure 5 for both large and small
values of zi,. It is interesting to note that a stagnation point is predicted within the
less viscous fluid along the axis at a distance z, = 0 from the flat interface. Figure 6
gives the dependence of z, on the viscosity ratio; note that its largest value, z, = 0-25,
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U=1

Ficure 5. Constant streamlines within the receding fluid are given in (a) for

Hr > pqand (b) forur <€ py.

553

occurs in the limit as the viscosity ratio approaches zero. An internal stagnation point
of this sort has been observed by Dussan V. (1977) for glycerine displacing mineral oil
through a circular tube.

It has been noted by Hocking (1977) that, when the two fluids have the same vis-
cosity, the velocity at z = 0 is everywhere zero. The flow field is the same as that
occurring when a flat-headed plunger displaces a fluid out of a circular tube. This
problem has been solved numerically by Wagner (1975) who represents values of the
stream function for Re = 10. His values are consistently smaller in magnitude than
ours, differing up to 2-:39, along r = 0-5, and 4-8 %, along z = 0-549. This discrepancy
is probably due to the fact that our results correspond to Re = 0; although his solution
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Fioure 6. A stagnation point is located within the less viscous fluid at (0, z,).

is clearly in error in the region where the face of the plunger meets the wall (he calcu-
lates a finite drag on the wall which should clearly beinfinite subject to his assumptions).

Figure 7 gives the difference, at a distance R = 0-05a from the contact line, between
the velocity field and its anticipated asymptotic form:

a 00K A QK

: “=-p Rtogg b
where
oK 2 1 U iind 4 . .
Zﬁ— = ;’¢|COS¢+,L__;((/7A+ILLEISIE7TZ—4) (;]gsl cos¢+2¢sm¢——ﬂsm|¢[). (4.8)

This is the solution given by Huh & Secriven (1971); however, they did not recognize
that it represented the velocity field of the fluids within the intermediate region. Upon
repeated evaluation of the difference at decreasing values of R, it is found to be O(R)
as B— 0. It has also been established through numerical calculations that

—16 a
7(R/a) = mx§—0-08+0(R/a) as Rja—->0
and
20| .
iyl I 1-34+O(R/a) as R/a—0.

Hocking (1977) also anticipates a solution in terms of {p} but does not make use of
the dual {6} to evaluate his complex coefficients {C(s,)}. Instead, he makes the residue
of truncated sums for the stream function and radial velocity discontinuity at 2 = 0



Interpretation of dynamic contact angles in capillaries 555

1T Ty T v v v 1 1 v
0015
[ 0-020
[
[ (2,11
o010 p /N . 4
- ]
0-005 ]
ok
(r.1] Lr. 111
— 0:005 [~ -
n (2,11} ]
L R
U [ T Y N DR TN NS TR NN SHN NN SN NS A NN S Y
~10 ~08 - 06 —04 —02 0
2¢/m

Fiaure 7. The difference between the outer and the anticipated asymptotic expression in the
limit ag  — 1 and 2z - 0, AVE, can be evaluated at a distance B = 0-05a from the contact line for
both components of the velocity vector using {[a, b]: @ = r,2; b = I, II},

R _ Ha 2 Ha )A
where Av ([r,I]+ - [r,II]) +([z,1]+” o D)2,

HbaTHR ATHR

orthogonal to a set of cylinder functions all zero at » = 1. His sole published result, an
asymptotic form for the integrated tangential stress on the solid wall, is in substantial
agreement with our findings. However, a more thorough presentation of his results
would have been useful.
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Ficure 8. The slope of the meniscus within the intermediate region is calculated by balancing
the forces acting on the fluid body enclosed by ———.

5. The pressure field and interface shape

The experimentally measurable quantities are: the pressure drop across a fixed
length of capillary necessary to create a given volumetric flow rate, and, assuming the
capillary is transparent, the shape of the fluid-fluid interface. These quantities are
related through the integral form of the equation of conservation of linear momentum.

The difference in pressure between any two points on either side of the fluid—fluid
interface can be calculated by using (3.1) along with the solution for the velocity
field presented in §4. If the points are located more than two diameters from the
interface, then
Péa(ﬁ —L,) —Pg,,(r, Lg) =8 L+ JipLy)—1-96%(f 4+ fig) — 15-278 —i{tﬂTR +Ape,»

Hatig

where Ap., denotes the pressure drop across the interface along the axis of the cap-
illary, p‘&‘a(O, 0)— pE (0, 0). The constant term — 1-96° is due to that part of the solution
given by ¥1; hence, it was evaluated by performing a double integral numerically. The
second constant, — 15-278, coming from y;; was evaluated by extrapolatingtoz = 0 a
series representation whose convergence is very slow at the point (0, 0). These coeffi-
cients represent deviations from the parallel flow pressure field in the vicinity of the
interface.

The constant Ap., can be calculated by balancing the forces exerted on the body of
fluid contained between the planes given by z = — L ,/a and z = Ly/a, excluding the
fluid within a fixed distance R of the moving contact line; see figure 8. It is assumed
that R lies somewhere within the intermediate region. The force balance to within
O(R) as R — 0 becomes

L L 8 7 7 128 . R
{871 (ﬁA A4 Fin 7’*) — (i, + i) (7—1 ln§+ 4~624) _Mhafp ( InZ+ 6-576)}

Boa+pip \7(m?—4)
o 1287, fig dhe, }

—8 - -2 d
+{ (Ba+Egr) (M —4) (g +Fg) " dr lr=1-Rya

o () )

The first bracket gives the force exerted on the body of fluid by the walls of the capil-
lary, where the constants were determined by extrapolation procedures similar to
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those of Hocking. The second bracket expresses the surface and viscous forces exerted
on the body by the excluded fluid within the arc R, evaluated from an expression
correct to O(1). The final bracket gives the force exerted upon the ends of the body. The
above equation can be interpreted as a representation of the shape of the interface
within the intermediate region

dhe,

4. R
= - — (T, + T =-1n=—+2-608
dr lr=1-Rja $Apc, — (Ba+Hg) (ﬂ In P 2-60 )

FaPr (6% | R o~ss°) 5.1

+ﬁA+ﬁR(w(7r2—-4) ng T8 (G0
This can be used to evaluate the boundary condition (dkg,/dr)|;~1-rye = 0- This con-
dition determines Apc, :

_ — — 8 RI 6 ﬁAﬁR —128 RI 0
Ape, = — (B4 +ER) (;1n71—+5 20 ) +ﬁA+ﬁR (n("2_4)ln—;+1 76%) .

While balancing the forces exerted on the above material body of fluid has provided
a convenient method for calculating the tangent to the interface shape in the intermed-
iate region; in order to determine dh¢, /dr elsewhere, the normal stress balance at
z = 0 must be integrated. The part due to yr; is obtained by inverting numerically the
appropriate sine-transform; the part due to iy is calculated both by extrapolating
the integrated normal stress eigenfunction series to z = 0, and by the direct evaluation
of the Green’s function formulation at z = 0. Fitting polynomials with the desired
asymptotic form to these two components, we have

o = (@t Aabfz (rin 23— In(1=r) + (1= (< 1-583r - 047503
-
+0-44775— 0-8527)) 4 Lalr [ 64 (2B 1y e
Fig+ g \m(m?—4) a r
+ (1 —72) (1-4097 — 0-07673 + 2-078r5 — 2-2877‘7)} . (5.2)

The maximum error in the expression multiplying 7, + Zi is 0-002 based on evalua-
tion at r = (0-05, 0-10, ..., 0-95); for the & Jin/ (% +Fg) part, the maximum differ-
ence from the Green’s function results at the same points is 0-012,

Of course, the pressure drop and local shape of the interface given above represent
only the lowest-order mode in C,. The complete expressions must include the other
small parameter terms:

pA(ry, — L /a)~pR(ry, + Lg/a)
~ 201 — ¥m) + Colp,(ry, — La/a) =P8, (re, Lg/a)l,  (5.3)

dh dh,
o ~r@r=0)+C, drCa_

(5.4)
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6. Dynamic contact angles

Besides the actual contact angle, 8, four other contact angles have been introduced:
0,,, defined by (1.1); 8, defined by (1.2); Oy, the angle introduced by Huh & Mason,
defined by the relationship cos ;4. = —af", where ¢ is the mean curvature of the
fluid—fluid interface evaluated at its apex; and 6y, the angle of inclination of the fluid-
fluid interface at a distance Ry from the contact line (refer to §2). We are now in a
position, in the light of the results of §5, to examine their dynamic behaviour and to
calculate their interdependence.

In a static system all of the abovementioned angles are the same: however, when the
contact line is in motion we find

v L0y a58) 4 Labr ( 64 1B )}
0, ~ 0; 7 {(/I,A-*-/I,R) (ﬂln—a—+3 58) +/u+/tR ,,(,Tz_4)ln - +6-76 (6.1)
upon combining (1.1) and (5.3);
U 4. By Halr 64 By . }
O ~ 01—7{(,u4+,uR) (7—Tln-0—+2 10) +#A+ﬂR (ﬂ(ﬂz_4) In P +8-87 (6.2)

upon combining (1.2) and (5.4); and

U 4. R
Ongm ~ 01—7 {(/u +U4R) (;ln—a‘ +0-573)

Halr 64 B, )}
In—+7-286 6.3
+/h4 +LR (77(772"4) "t (3

upon combining the above-stated definition of Oy gy With (5.2). For completeness, we
present a relationship between 6; and 6 based upon a solution of the motion of the
fluids in the inner region in which a particular slip boundary condition is assumed:

U4 7 R
0 ~0+—{— + (1———£—ln—i’*+ln—l)
! y et \ U=, TN,

tatp _ 64 (1
+In
Patprm(n®—4)

(6.4)

nemeonl]

refer to appendix B for details. The angles in the above expressions are in radians, and
the trigonometric functions have been linearized about 3.

It is interesting to note that the dynamic behaviour of all three apparent contact
angles — 0,,, 0y, and Oy — is influenced to some extent by the geometry of the outer
region as evidenced by the appearance of the parameter a in the bracketed expressions
on the right-hand side of (6.1), (6.2) and (6.3). Consequently, these angles do not
represent material properties of the system. This is not surprising when one recognizes
that each of these angles is calculated from a quantity which depends on the dynamics
of the fluids in the oufer region: 6,, is calculated from the pressure drop down the
capillary; &, is calculated from H; and gy is calculated from the mean curvature of
the meniscus at its apex. The dependence on geometry becomes explicit when any one
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F1eure 9. The solid curve in (a) and (b) is the solution for the meniscus when ur <€ u,, and
WR = Ji, respectively. In both cases it is assumed U(py+pr)/y = 002 and 6, = 90° at
R;/a = 0-001. The dashed curve is a segment of a circle passing through the apex, 2(0), and the
contact line.

of these apparent contact angles is evaluated for two systems identical in every way
except that the radius of the capillaries is different, for example,

)flnfl_l_'_ Halbr 64 1 ‘11}‘

U
Onr(ay) — Oy ag) ~ — { + n-—
2(a1) — 03, (a) > (Batpr TGy pytpp (M- 4)  a,

This difference is due entirely to the independence of the size of the inner region on the
value of a. Note that no parameter which depends on the model of the inner region
appears in the above expression.

The entire effect of the fluid motion in the inner region on the experimentally
measurable quantities 6,,, ,, and Oy 4T appears in the dynamic behaviour of the inter-
mediate angle, #;. Two factors contribute to 6y, as illustrated by (6.4): (i) the dynamic
behaviour of the actual contact angle, 8, and (ii) the bending of the meniscus in the
inner region due to hydrodynamic forces. The latter directly depends on the mechan-
ism used to remove the singularity at the contact line. It is evident from (6.1), (6.2)
and (6.3) that measurements of the pressure drop and H can, at most, be used to deter-
mine the dynamic behaviour of 6;: they cannot be used to deduce anything about the
nature of the fluids in the inner region or the dynamic behaviour of 6.

That the various contact angles can take on different values is illustrated by the
following example. Consider a capillary of radius @ = 0-05 cm through which fluids
are moving at a speed of U(y 4+ p)/y = 0-02 with an intermediate angle f; = 80° at a
distance R; = 0-5 x 10-% m from the contact line (this choice of parameters is consistent
with Hoffman’s correlation). Two cases are calculated, that of u;, = Oand g, = up.
The solid lines in figure 9 (a,b) represent the solution of the shape of the interface.
The dashed lines represent segments of spheres which pass through the apex of the
meniscus and the contact line. Even for this low value of the capillary number the
meniscus deviates somewhat from a spherical segment. The angle formed between the
dashed line and the wall, 6,,, is 98° (102°)}, while that determined by the pressure drop

t To our knowledge, experimentally measured values of fg,, have yet to be reported.
1 These correspond to up = 0 and g = g4, respectively.
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Ficure 10. The shape of the meniscus in figure 9(a) very close to the contact
line assuming Ly, = 0-5 x 10-%cm.

down the capillary, 6,,, is 96° (101°).1 Nevertheless, if a tangent to the interface is
drawn close to the contact line on figure 9, following the procedure of Rose & Heins
(1962), the angle measured with a protractor is approximately 94° (96°). This is smaller
than the apparent contact angles, but larger than the intermediate angle, 6;. For the
sake of demonstration, if we use the inner solution presented in appendix B with
L,, = L, = 5x10®°m then the shape of the meniscus close to the wall is given in
figure 10. The actual contact angle, given by (6.4), is 82° (76°), which differs quite a
bit from the angle formed by the dashed line.

7. Discussions and conclusions

An appropriate value for R; has yet to be established. The only property which it
must have (refer to §2) is that it lie ‘well within’ the intermediate region, i.e. the
region where both inner and outer solutions are valid. However, the size of this region
and the degree to which both solutions coincide depends on the value of L,/ L;. If it is
assumed that flow through a capillary with the inner region modelled as in appendix B
typifies flow in any geometry with any model of the inner region, and that L; < 10-*m
and Ly 2 1075 m, then a good choice is By = 0-5 x 10~ m. This is illustrated by com-
paring the values of the slope of the interface as predicted by the inner and outer
solutions for the example cited at the end of §6; refer to table 3. The two solutions
differ by less than + 0-5°for 5 x 10°m < B < 5 x 10~%m (note that the minimum in the
meniscus at R & 5x 10~ m (refer to figure 10) occurs in both solutions). It should be
remembered that dynamic apparent contact angle measurements cannot be reproduced
to better than + 1° and 2°.

It can easily be seen how the displacement of immiscible fluids through a capillary
can be used as a device for obtaining basic modelling information that is necessary for
solving boundary-value problems involving the moving contact line. For a given
material system, two immiscible fluids and a solid, the dependence of H on the speed
of the contact line can be measured. This is sufficient, together with a detailed fluid-
mechanical analysis of the outer region, to calculate the dynamic behaviour of ;.

For the case in which H /a < 1, 8,(U) is obtained by substituting the experimentally
determined H(U) into the expression:

0 ~ ‘-25—1+7—2’+g :(,uA + i) (% ln% + 2-10) +ﬂ’:4+”;R (ﬂ(ﬂf‘f_ 3 ln% + 8-87)} .
T It is interesting to note that 8, and 8y can have similar values even though they both differ

from 6. Hence, Blake’s reported experimental agreement between these two angles does not imply
that he is measuring the dynamic behaviour of the actual contact angle.
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arctan
_ dhwur)x
dr
90° + arctan — aretan
AR\ T ARy
R/L, r (“ dR ) (“ R )
0-02 0-99990998 81:96° —4-19°
0-20 0-999998 82-49° —1-49°
1-0 0-99999 83-72° —0-41°
2:0 0-99998 84-50° —0:19°
10-0 0-99990 86:66° —0-02°
20-0 0-99980 87-66° -0-01°
100-0 0-999 90-00° —0-00°
200-0 0-998 91-01° —0-02°
103 0-99 93-35° —-0:10°
2:0x 102 0-98 94-36° —0-18°
104 0-9 96-68° —0:82°
2:0x 104 0-8 97-68° —1-68°
4.0 x 104 0:6 98-67° —5-05°

1 Calculated from (B 3).
1 Calculated from (5.4).

TasLE 3. The slope of the interface in the intermediate region for C, = 0-02, £y = 0,a = 500 um,
L, = 5x10-% ym, B; = 0:5 pym, 6; = 90°.

The implicit dependence of H(U) on a cancels the explicit dependence of the bracketed
expression on a. In order to predict the spreading of the same liquid on the same solid,
however, in a different geometry, for example a drop of liquid () spreading over a
planar surface initially covered with fluid (), one need only solve for the dynamics of
the fluid in the outer region. The boundary condition that 8 = 6;(U) at a distance R;
from the contact line is sufficient for determining the shape of the meniscus in the
outer region to O(C,); no ad hoc assumption need be made about the deformation of the
meniscus in the inner region (a case in point is Greenspan, 1978).

On the other hand, knowledge of the dynamic behaviour of &, does not represent
sufficient information for the physical chemist who is interested in identifying the
mechanism by which liquids spread on solids. Although it can be used to establish the
inadequacy of a given model of the inner region for a particular material system, it does
not contain sufficient information to identify either the dynamic behaviour of the
actual contact angle or the mechanism by which the singularity at the moving con-
tact line is removed.

Until experimental techniques are discovered which can probe the inner region,
parameterizing the outer region in terms of the empirically measurable quantity 8,
appears to be an adequate approach for fluid-mechanicians interested in analysing flow
fields with moving contact lines.

The authors are grateful for the support received from the National Science Founda-
tion under grants ENG75-10297 and ENG77-10167.
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Appendix A
An integral expression for ¥y can be obtained by taking its sine-transformation in
the 2 co-ordinate

Yrlr;s) = f: Yrpr(r, 2) sin (s2) dz

and

Yolr,2) = ; f : pr(r; 8)sin (sz) ds

valid for 0 < z < o and 0 < 7 < 1, The transformed Stokes-Beltrami equation and
boundary conditions are

d1d ﬁlazﬁn)

7 —— = —§* 2% = $3Yrp(r, 0)— 2% |7 —silh—I
drrdr o= = 7mb orr or

=0 022

z=0
and

_ 14y
lﬁII:O, ;—-—drII =0 a't r = 1.

At the plane z = 0 the boundary conditions are

102
Y=0, ;_5%211 = 7(r).

It follows directly that

Y=- % lf: Gp,r;8)pT(p)dp +f: G(r,p; ) p7(p) dp}

where
Glp,r;8) = {Iy(ps) [21y(s) + sLy(8)) [rIy(8) Ko (rs) — Iy(rs) Ko(s))
+pIy(ps) [21y(s) + sLy(8)] [1y(rs) K (s) — I1(8) K(rs)]
+ psly(ps) Iy(s) [1o(s) K(rs) —rly(rs) Ky(s)]
+ 81, (ps) 1o(s) [r1y(rs) Ko(s) — r1y(s) Ko(rs)]
+[psly(ps) Ko(s)— sIy(ps) Ky(s)] [1y(s) Ly (rs) — rLo(rs) I;(s)]}
x {21, (s) I (s) — s1(s)% + sIy(s)*} 1.

The modified Bessel functions K, and K, used in the above expression are discussed by
Abramowitz & Stegun (1964).

Appendix B

We shall, for illustrative purposes, calculate the inner solution assuming that the
axial velocity (from the moving reference frame) is given by

wK=————-——-——|z| at r=1 for K=A4,R,
|2| + Lyy /0
where the parameters L, and L, are slip lengths in the advancing and receding fluids,
respectively. This model was used by Dussan V. (1976) for a single liquid. Given such a

model with its associated inner length scale L, (L, = max L, in this case), the
K=4,R

appropriate inner problem can be generated by rescaling the independent variables z
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and R reduced to Stokes flow in two dimensions, provided that L, /a is very small
(Huh & Mason 1977).

Expanding as before in small parameters and using the polar co-ordinate system
introduced in figure 2, the two-dimensional form of the inner interface shape is

expressed as
hE/a) ~ (6(U) ~}m) B/a+C, kg (B/a),

where AT is determined by the zero-order inner velocity field satisfying

[18 o 1 ¢2

K _
zaRL R R a¢2] ®

90K (1)K (R/a)?

K — = — 1{ __{\K
OK = 0, %~ Flailja ™ ¢ =1(—1)
oD 20
K _. —_— = w— = =
¢E = 0, [8(;5] 0, and ["aqsz] 0 on ¢g=0
and

inner

oy =0 at R=0,

dR -

where (—1)4 = —1 and (- 1)F = +1.
A solution for ®Xis obtained in a straightforward manner using the Mellin transfor-
mation. We find the transformed steam function

~ . L. \5
b (L] i
‘1(—8;_(?—[{(8+ )tan 17s + (s + 2) cot ymrs} sin (s|@|) — cos (s|])

+{(s+ 1) tan }sm + s cot Jsm} sin (s + 2) || + cos (s + 2)| B]1,
where 7, which represents the transformed tangential stress on ¢ = 0, is given exactly
by

#s) = Palr [277(8 + 1)2([Ly, /al*t* + [ L,z /al+?) cosec (m8) sec %776‘] .
Batip (s+ 1)2tan {sm + s(s+ 2) cot §sm
To obtain ¢ X the inverse transform is used:
PK = —1- UOHOD(T)(S' )] (E)-sds for —2<0,<—1.
27 ) gy—ico ’ a
The radius of curvature of the interface within the inner region is equal to the sum
of the pressure and normal viscous stress differences across ¢ = 0. This is integrated

exactly to give

Jdnger R Ffa 910 20 1 PO
= —— — 2
iE = qlPal-a fo [[”{(R RERT R2) o6 TR o a¢3}ﬂ‘m/“’ (B1)

where %, as before, represents the z location of the interface, though now as a function
of R/a,on ¢ = 0.

Since our objective is to derive a relationship between 6(U) and 61, all we need eval-
uate is dh‘cﬁ:‘m‘/“ /dR in the limit as R/L > co because
dh
dR

dhl.nner
~ U)—4m+C,a )

Rja=Rija

(B 2)

—§m =a5+ ,
Rja=Rija

19-2
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where E; lies somewhere within the intermediate region.
Restating equation (B 1) in terms of the solution for ® X gives

inner
I R

B - & [Po )™ + 749 (B/Ly,) + Brg(R/L,g)
1 5.7
o tras B Loy) + 1R L)
where
+ {0
glx) = +1 f " [cosec (m8) sec dms] etV ds;
og—{m
and

ds

Go+im gp—s+l) 2
flx) =~ 4if ° z (8 + 1)2 cosec (7s) sec 37rs

co—to  (8+1)2+3(s+2) cot® 4ms
for -2 <0y, < —1.

The function g has been evaluated in closed form by Dussan V. (1976):

2
g(R/Ls)~%ln£+0(Iiln£) as R/L,—>c0.

L, R L,
Upon numerical evaluation of the function f we found that
64 R L. R
f(R/L8)~7T_(77—2——_4)hlfs+0(—R_2hlfa) as R/Ls—>oo.

It is also possible to show that

R 4 64 7 L R
- inner ., _ ~ AMR 8 R .
p [[Poa]] T (Ba+Eg) T —4) B+ ) +0 (——R2 In _Ls) as /Ly—>c0

Upon substituting the above expressions into equation (B2) we get

ta va(1——Pr_jnLe 1 B
0c ~ 0(0) + o2 (1 im) (1 B s In

PaBp _ 64 ( Ry )}
I A Tad { 1+In ———— 1.
Ba+Bgpm(m®—4) (Log Lop)t
For the case of zip = 0, the slope, dhit®*/dR, has been solved exactly (Dussan V.
1976) giving
dh

T
aE~H(U)—§+Oa{

4R/L,, 4(R/L,,)?
1+(R/L,,* ([L+(R/L,, )

12(R/L,,)*In (R|L,,) + 4(R/L,,)* 8(R/Ly)"In(R/L,)
+ 71+ (B/L,,)"] Tl T (B/L, )

We make use of the above expressions in §§6 and 7.

(B3)

REFERENCES
ABramowIrz, M. & StEGUN, I. 1964 Handbook of Mathematical Functions. Washington:
National Bureau of Standards.
BATCHELOR, G. K. 1970 An Introduction to Fluid Dynamics. Cambridge University Press.

BHATTACHARJL, S. & Savic, P. 1965 Real and apparent non-Newtonian behaviour in viscous
pipe flow of suspensions driven by a fluid piston. Proc. Heat Transfer Fluid Mech., p. 248.



Interpretation of dynamic contact angles in capillaries 565

Braxe, T.D. 1968 Ph.D. thesis. Department of Physical Chemistry, University of Bristol.
England.

Braxe, T. D. & Hav~es, 1969 Kinetics of liquid/liquid displacement. J. Colloid Interface Sci.
3, 421.

Dussax V., E. B. 1976 The moving contact line: the slip boundary condition. J. Fluid Mech. 77,
665.

Dussan V., E. B, 1977 Immiscible liquid displacement in a capillary tube: the moving contact
line. A.1.Ch.E.J. 23, 131.

Dussax V., E. B. 1979 On the spreading of liquids on solid surfaces: static and dynamic contact
lines. Ann. Rev. Fluid Mech. 11, 371.

Dussaxn V., E. B. & Davis, S. H. 1974 On the motion of a fluid-fluid interface along a solid
surface. J. Fluid Mech. 65, T1.

Ervrorr, G. E. P. & RippIForp, A. C. 1967 Dynamic contact angles. I. The effect of impressed
motion. J. Colloid Interface Sci. 23, 389.

GBEENSPAN, H. P. 1978 On the motion of a small viscous droplet that wets a surface. J. Fluid
Mech. 84, 125.

Hansen, R.J. & TooNa, T.Y. 1971a Interface behavior as one fluid completely displaces
another from a small-diameter tube. J. Oolloid Interface Sci. 36, 410.

HanseN, R. J. & Toong, T.Y. 19715 Dynamic contact angle and its relationship to forces of
hydrodynamic origin. J. Colloid Interface Sci. 37, 196.

Hocking, L. M. 1976 A moving fluid interface on a rough surface. J. Fluid Mech. 76, 801.

Hocxine, L. M. 1977 A moving fluid interface. Part 2. The removal of the force singularity by
a slip flow. J. Fluid Mech. 79, 209,

Horrman, R. 1975 A study of the advancing interface 1. Interface shape in liquid-gas systems.
J. Colloid Interface Sci. 50, 228.

Hun, C. & MasoN, 8. G. 1977 The steady movement of a liquid meniscus in a capillary tube.
J. Fluid Mech. 81, 401.

Hum, C. & ScriveN, L. E. 1971 Hydrodynamic model of steady movement of a solid/liquid/
fluid contact line. J. Collotd Interface Sci. 35, 85.

Jiang, T. 8., O=m, 8. G. & StaTTERY, J.C. 1978 Correlation for dynamic contact angles. J.
Colloid Interface Sci. In press.

Rose, W. & HEeins, R. W. 1962 Moving interfaces and contact angle rate-dependence. J.
Colloid Interface Sci. 17, 39.

SmiTH, R. C. T. 1952 The bending of a semi-infinite stip. Australian J. Sci. Res. A 5, 227.

WaeNeR, M. H. 1975 Developing flow in circular conduits: transition from plug flow to pipe
flow. J. Fluid Mech. 72, 257.

WasupurN, E. W. 1921 The dynamics of capillary flow. Physical Rev. 17, 243.

West, G. D. 1911-1912 On resistance to the motion of a thread of mercury in a glass tube. Proc.
Roy. Soc. A 86, 20.

Yar~vorp, G. D. 1938 The motion of a mercury index in a capillary tube. Proc. Phys. Soc.
London 50, 540.

Yoo, J. Y. & JosErH, D. D. 1978 Stokes flow in a trench between concentric cylinders. SIAM
J. Appl. Math. 32.



